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Abstract 



^ • A new type of combinations of Bernstein operators is given in [llj. Here, we introduce 

Ft ! another one, which can be used to approximate the functions with singularities. The direct 

and inverse results of the weighted approximation of this new type combinations are given. 
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in 
> 

O ■ 1 Introduction 

C^^ ' The present work continues to study modified Bernstein operators following [11]. Here, the 

^^ ' notations are referred to [H]. For convenience, these notations will be listed. The set of all 

continuous functions, defined on the interval I, is denoted by C{I). For any / G C([0, 1]), 

the corresponding Bernstein operators are defined as follows: 

^^ 1 n , 

b : Bn{f, X) := V f{-)Pnk{x), 

C^ ^-^ n 

fc=o 



where 



^^ fcn r„\'n-h 



Pnk{x):= (^)x'=(l-x)"-^ k = 0,1,2,..., n, xe [0,1]. 



Approximation properties of Bernstein operators have been studied very well (see [2], [3], 
l5]-[8], [I1]-[I1], for example). In order to approximate the functions with singularities, Delia 
Vecchia et al. [3] and Yu-Zhao [12] introduced some kinds of modified Bernstein operators. 

Let 

w{x) = \x-C\", <C< 1, Q >0, 

and 

C^ := {/ G C([0, 1] \ : lim («)/)(x) = 0}. 

X — >5 
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The norm in Cu, is defined as ||/||c™ := ||^/|| = sup \{wf)[x)\. Define 

W^ := {/ G C7^ : /^'^^^^ G Aa((0,l)), ||w7^'^ll < oo}. 
For / G Ctu, define the weighted modulus of smoothness by 

Uj'[p{f,t)in := sup {||w)A^^/||[i6h2,l-16h2] + 1 1 U) a;;/ 1 1 [0,16^^2] + ||u; A];/]] [i_i6/i2,l]}) 

where 

r 

M 2 



k=0 



a;;^/(x) = E(-i)' ( I) /(^ + (^ - ^) v(^))' 



k=0 ^ ^ 

i — n \ / 



and (fix) = \/x{l — x). The weighted if -function is given by 

Kr,M^n^ ■■= mf{||^(/ - 5)11 + niw^'g^'-^W : g G W^}. 

9 

It was shown in [5] that K^{f,t^)w ~ ujj^{f,t)w- Delia Vecchia et al. firstly introduced 
B^{f,x) and Bn{f,x) in [3], where the properties of B^{f,x) and Bn{f,x) are studied. 
Among others, they prove that 

\\wif-B*M))\\^Cul{f,n~'/^), fGC^, 

r ^^' 1 

\Mf - BMM ^ ;^ E ^''^'(/' fc)^' / e ^^' 

fc=i 

where i(;(x) = x"(l — x)'^, a, /3 ^ 0, a + /3 > 0, ^ x ^ 1. In [Tl], for any a, /3 > 0, n ^ 
2r + a + /3, there hold 

\\wB:^M)\\^C\\wf\\, feC^, 

\MB* (f) - nil < I ^("^^" + Ikv^^v(^'-)ll), / e w^^^ 

IK^n,.UJ /Jll^l C«(/,n-V2)^ + n-|KII), /GC., 

IU,vn2'''R*(2»-)/fN|| ^ J C''^''ll^/ll) f & Cw, 

\\W^ i^„,, UJII ^ I ^^ii^^ii ^ ||^^2.^(20||)^ f e vrr. 

and for < 7 < 2r, 

||u;(i?;,(/) - /)|| = 0(n-^/2) ^^ u;l^{f,tU = 0{f). 



On the other hand, since the Bernstein polynomials cannot be used for the investigation of 
higher orders of smoothness, Butzer [Ij introduced the combinations of Bernstein polynomials 
which have higher orders of approximation. Ditzian and Totik [5] extended this method of 
combinations and defined the following combinations of Bernstein operators: 



r-l 



BnAf^^) ■=Y.a{n)BnAf,x) (1.1) 



i=0 



with the conditions 

{a)n = no < ni < • • • < n^-i ^ Cn, 

ib)EZo\Ci{n)\^C, 

(d) EZo ain)nr^ = OJor k = 1, . . . ,r - 1. 

Some approximation behaviors of the operators defined as (jl.ip can be found in [l]-[6], [9] 

and [lOj. For example, Ditzian and Totik [5j showed that 



|i?n,.(/)-/IKC7(a;2-(/,n-i/2) + 



n 



and for < a < 2r, 



WBnAf) - f\\ = Oin--/') ^^ <(/,n-i/2) = o{n, 

where io'^[f,t) is the modulus of smoothness with the step- weight function ip{x), and 
ll/llc([o,i])- 

The main purpose of the present paper is to give another new type of combinations of 
Bernstein operators (combinations defined as (jl.ip cannot be used to approximate functions 
in Cw) so as to obtain higher approximation order. In Section 2, we will give the new type of 
combinations, and the direct and inverse results of the weighted approximation by the new 
type of combinations. Some lemmas will be given in Section 3, while the proofs of the results 
will be given in Section 4. Throughout the paper, C denotes a positive constant independent 
of n and x, which may be different in different cases. 



2 The main results 

For any positive integer r, we consider the determinant 



J^Y' 



1 1 1 

2r + 1 2r + 2 2r + 3 

(2r)(2r + l) (2r + l)(2r + 2) (2r + 2)(2r + 3) 

2 • • • (2r + 1) 3 • • • (2r + 2) 4 • • • (2r + 3) 

T2r 



1 

4r + 1 

(4r)(4r + 1) 

(2r + 2) • • • (4r + 1^ 



We obtain Ar = Y\i=2J- Thus, there is a unique solution for the system of nonhomogeneous 
linear equations: 

ai + a2 + ■ ■ 

(2r + l)ai + (2r + 2)a2 + •• 

(2r + l)(2r)ai + (2r + l)(2r + 2)a2 + •• 



+ 


(l2r+l 


= 1, 


+ 


{Ar + l)a2r+i 


= 0, 


+ 


(4r)(4r + l)a2r-+i 


= 0,(2.1 



(2r + l)!ai + 3---(2r + 2)a2 + 
Let 



+ (2r + 2) • • • (4r + l)a2r+i 



r aix2^+^ + 02^2^+2 + • • • + a2r+lX^''+\ < X < 1, 

■tp{x) = < 0, x!^0, 

[ 1, x = l. 

with the coefficients ai, 02, ••• , a2r+i satisfying (12. ip . From (j2.ip . we see that ■ip{x) £ 
C(2'-)(-oo,+oo), ^ ip{x) ^ 1 for ^ X ^ 1. Moreover, it holds that V(l) = 1, V'^^Ho) = 



0, i = 0,l,--- ,2r. and V^^Hl) =0, i = 1,2,--- ,2r. 
Let 



r+l 



i?(/,x):= J]/(x,)4 



and 



li{x) :-- 



lYjtijM'' - ^i) _ H - {{r - l)/2 + i)] 



{{j=l,j^i\Xi Xj 



i = 1,2, •••r+l. 



n 



Further, let 



[<-2^] , [<-^ , [< + ^] , [< + 2^ 

/ya * ry* * ry* 

1 — ) -^2 ~ ' -^3 ~ 1 ^^4 ~ • 



n 



n 



n 



n 



and 



Set 



Ux) = ^(^^^-^), M^) = ^(^^^-^). 



X2 x^ 



<Jj A Jbn 



Fnif,x) := Fnix) = /(x)(l - Mx) + Mx)) + Mx)il - M^))H{x). 



We have 



Fnif,x)={ 



'fix), _ _ X G [0,X^_5/2]U [Xr+3/2,1], 

f{x){l - ll^lix)) + i;i{x)H{x), XG [Xr-5/2,Xr-3/2], 

H{x), _ _ X e[Xr-^3/2,Xr+l/2], 

_ H{x){l-'llj2{x))+'llJ2{x)f{x), X e[Xr+l/2,Xr+3/2]- 



Obviously, Fn{f,x) is hnear, reproduces polynomials of degree r, and Fn{f,x) G C^'^^'{[0, 1]), 
provided that / G C(2^)([0, 1]). 

Now, we can define our new combinations of Bernstein operators as follows: 

r-l 
Bn,rif,x) := Bn,riFn,x) = ^ Ci(n)5„^ (F„, x), 

where Ci{n) satisfy the conditions (a)-(d). Our main result is the following: 
Theorem. For any a>0, O^A^l, we have 



t2t 
' w 1 



(2.2) 



IzDfxW^rA. .5(2.).. ., < I Cn-{maxK(i-^),v.MA-i)}}||^;||, j ^ C^, 



(2.3) 



|u;5„,,(/)|KC||u;/||, /gC^ 



Ki^.,.(/j /jll^^ C«(/,n-V2)^ + n-||^/||), /GC^, 



and for < 7 < 2r, 



(2.4) 
(2.5) 



\w{B^Af) - /)ll = 0(^-^/') ^^ <(/, t)^ = O(i^). 



(2.6) 



3 Lemmas 

Lemma l.([13]) For any non- negative real u and v, we have 



- fe , _,, ,^ K 



V(-)-"(l - -r^Pnkix) ^ Cx-^1 - x)-\ (3.1) 

^-^ n n 

k=l 

Lemma 2. For any positive real a, and / G W^ , we have 

||^^2.-2i^(2r-,)|| ^ C{\\wf\\ + ||tDv.2r^(2r)||)_ ^3^2) 

Proof. Case 1. ^ £ [0, ^] U [|, 1]. It follows from Kolmogolov's inequality that 

Moreover, 

|;(2.-.)(1)| ^ C7(||tD/||[i/4,3/4] + \\w^''f^'%i/A,3/4]). (3-3) 

When ^ X ^ o, n between x and -, we have ' '"T,^'. — < ' '"T,. — , then 

^ ^ 2' n' w{u) ^ w(x) ' 

1 
|/(2r-,)(^)_/(2r-i)(l)| ^ J' \f(^^-^+^)(u)\du 

^ C||«)<^2r-2,+2^(2r^i+l)|. /"^ ^U 



z 



w(u)ip^'^ ^•?+2(«) 



(-7||^(^2r-2i+2j{2r-i+l)|l /' 1^/^ ^r ^"^ 






^ C||u;932r-2i+2j(2r-i+l)||/ / " l^/'^ ""r '^^ 



\k/n — xY~^w{u)'^'^'^~'^^^'^{u) 



1 



'2 \k/n — uf ^du 

^X \k/n - l/2|^-iu)(u)v92r-2j+2(^)) 

^ C||«)(^2r-2j+2^(2r-i+l)||^2^^ 

zi;(x) 
which, together with (jS.Sp . gives that 

|tD(x)992r-2i(^)y.(2r-i)(^)| ^ C'(||u;(^2r-2i+2y.(2r-i+l) || ^ ||^^|| ^ ||^^^2r^(2r) ||)^ 

Similarly, we can prove that the above inequality also holds when 1/2 < x ^ 1. Therefore, 
we obtain that 

\w{x)ip^'-^\x)f^^''-^\x)\ ^ C(||u;992'-2j'+2/(2'^--''+l)|| + \\wf\\ + ||u)(/p2r^(2r)||^^ ^3^4^ 



Now, the result follows from (j3.4p when j = 1, and thus the result can be deduced from ([37 
by induction when 1 < j ^ r. 

Case ^- ^ £ [j, |] U {^}. The situation goes similarly. 

Lemma 3. For any / G W^ , we have 

ll^(/ - ^)IIk_s/„..,3/.] < ^(11^/11 + II V^/^'^^ID- (3.5) 



Proof. By Taylor expansion, we have 

f^^^) = J2 ^^S^/(")(x) + ^ Hix, - sYf(^+'\s)ds, (3.6) 



U=0 

It follows from (j3.6p and the identity 

r+l 



5^x^/.(x) = x^ ^ = 0,1,. ..,r. 



we have 

r+l 



^(/'^) = EE ^""' ,'^^" /W(x);,(x) + l^/.(x) r (x. - sY f^^+'\s)ds 

1=0 u=0 ^' ^" i=l -^^ 

r u r 

= fix) + E /^"nx)(E ^:(-^)""'' E ^^^^(^)) 

U=l V=0 4 = 1 

+^E^^(^)/"'(^i-«)'/^''''^(*)^^' 



1=1 

which implies that 

r+l 



-,{x)\f{x)-H{f,x)\ = ^w{x)Y,h{x)l^\x^-sYf^^-^'\s)ds, 



since \k{x)\ ^ C for x G [0, i], i = 1,2, • • • ,r + 1. 

It follows from '^^Zf\ — < \^i-^\ — g bg^-^gg^ Xj and x, then 



w{x)\f{x)-H{f,x)\ = C^E/ V^''+'Hs)|ds 

^ i=l •'^ 

^ C — —\\wLpP^'\\2_^j \w {s)ip {s)ds\ 
n .^^ Jx 

<: £||^^2^('-+i)||. 
which, together with (j3.2p (when j = r — 1) implies p.Sp . 
Lemma 4. For any / G VFJ'" and a > 0, we have 

||w''Fi'')|| ^ C(|| V/^^^^ll + ll«)/ll). (3.7) 

Proof. We only prove the above result when x G [xr-5/2TXr-3/2]j the others can be done 
similarly. Obviously, 

\Fi^'-\x)\ = \iHix) + Mx){f{x)-Hix)f'^\ 

2r 

= \J2cLiMx))^'^{f{x) - H{x)Y'^-^^\ 

1=0 
2r 

^ cE^^i(/(^)-^(^))^"-*^i 

i=0 



If 2r - i ^ r + 1, using (l32D, then 



^ Cn-\\\wip''-f<''-^\\ + \\wf\\). 

If < 2r — i < r + 1, by the following well-known inequality 

||<7(^-)|| ^ C7((d- c)-^-||5||m] + (d- c)(2^^^-)|b('^')||[,,,]), < i < 2r, 

we get 

\w{x)ip^''{x){f{x) - H{x))'^^'^-''>\ 
^ Cw{x)^'^{x){n'^-^\\f-H\\[^^_^^^^^^_^^^^+n^^U^^^^ 

^ Cn'\\\wip^^f(^^^\\ + \\wf\\). 
If z = 2r, by ()3.5p . we have 

Now the lemma follows from bringing these results together. 

Lemma 5. Let An{x) := w{x) Yl Pn,k{x)- Then An{x) ^ Cn~^l'^ for < ^ < 1 
and a > 0. 

Proof. If Ix — £ I ^ -^=, then the statement is trivial. Hence assume ^ x ^ £ t= 

(the case £ H — 7= ^ x ^ 1 can be treated similarly). Then for a fixed x the maximum of 
Pn,k{x) is attained for k = kn := [n£ — \/n\. By using Stirling's formula, we get 



Pn,k„ix) ^ C- 



(f)"V^x*^"(l-x) 



n—kn 



\/fl fCn JT- fcri. 



Tt /Cri /t- /C7J 



Now from the inequalities 

kn — nx = [n£ — "v/n] — nx > n(£ — x) — -v/n — 1 ^ ^^^(C ~ 2;), 
and 

We have that the second inequality is valid. To prove the first one we consider the function 
A(u) = e-""^"' + u - 1. Here A(0) = 0, X'{u) = -(1 + u)e-"-3"' + 1, y(0) = 0, A"(u) = 
u{u + 2)6"""" 2" ^ 0, whence A(n) ^ for u ^ 0. Hence 

Pn,fc„(a^) ^ ^expjfcni 7 -( 7 ) \ + kn - Ux] 



7Z ZiK-T) 



Thus An{x) ^ C{^ — x)°^e ^^^ ^> . An easy calculation shows that here the maximum is 
attained when P — x = -Q= and the lemma follows. 

Lemma 6. For < ^ < 1, q, /3 > 0, we have 

w{x) Yl \k-nx\I^Pn,k{x)i^Cn^^-'^/^'^^^{x). (3.8) 



Proof. By (|3.ip and the lemma 5, we have 

4 Proof of Theorem 1 

4.1 Proof of ( 12721) 

We first prove x G [0, ^] (The same as x E [1 — ^, 1]), now 

r-l I ni-2r , 

\w{x)B^:^p{f,x)\ ^ w{x)Y t .!."o „ E |g^(n)AiF„(-)K^_2.,,(x) 

i=0 ^- ' k=0 

r—l ni — 2r , 

^ Cw{x)Ynf V \CM)t''l Fn{-)\Pn,^2rA^) 

U to ^ "^ 

r-l ni-2r 2r t. _i_ O _ ' 

^ C7u;(x)5^nf ^ ^Ci|a(n)F„( +J ^ )|Pn.-2r.fc(x) 
i=o fc=o i=o * 

r-l 2r 

^ Cw{x)Y,nfYCl\C,{n)Fn{^^)\p^^.2rfi{x) 
j=o i=o * 

r-l 2r 

+Cw{x)Y^fY.^l\Ci{n)FnC^^)\pn,-2r,n,-2r{x) 

1=0 j=0 * 

r-l ni-2r-l 2r t 4- 9 ' 

+C^(x)J]nr Yl E^2r|G.(^)^n(^-^^^)K.-2r,.(x) 

i=0 fc=l j=0 "* 



H1+H2 + H3. (4.1) 



We have 



r-l 2r-l 



, 2r - j\ 



/fi ^ Cu)(x)j;nf(^|Q(n)F„( -^)| + |F„(o)|)p„^_2,,o(x) 

j=0 j=0 ^' 

r-l 2r-l I ^1 

r-l 



^ Cn^'WwfW Yin^\x - el)"(l - xT'-'^ 

i=0 

^ Cn^ni^D/ll. 
Similarly, we can get H2 ^ Cn^'" ||u;/|| and ^^3 ^ Cn^*"!!?!)/!!. 



When rr G [^, 1 — ^], according to [5], we have 
\w{x)B^:}p{f,x)\ 

r-1 2r h _ k 

4=0 j=0 fe/niSA 

r-1 2r l, i- 

+u;(x)(v92(x))-2'-^^|Q,.(x,n,)Q(n)|n| J] |(^ _ ^ )^-//(_ )\p^^^,{x) 

— — — Tli Tti 

:= (Ti+fT2. (4.2) 

Where ^ := [0,x'2] U [x'g, 1], ii' is a hnear function. If |. G A, when ^gi- ^ C(l + n^^l/c - 



njx|°), we have |A; — rij^l ^ -^^j then 

Qj{x,ni) = (n,x(l-x))[(2--j)/2l, and (992(^))-2rg^.(^^^.)^i ^ C{ni/^^{x)Y+^l^. By (H 

then 

r-1 2r "* i- 1. 

i=0 jr=0 ^ ^ '^ A:=0 * ' 

r— 1 2r rii . 

i=Oj=0 ^ ^^^ fc=0 * 

:= /1 + /2. 
By a simple calculation, we have Ii ^ Cn^''||tZ;/||. By p.ip . then 

7 — 1 2r rii 

/2 ^ c\\wf\\ E E i^*(")i^^^^^'^(^)'^' E 1^ - ^i^r'-'pn.A^) ^ cn^iwfi 

i=0 j=0 '^ ^^^ k=0 

We note that \H{^.)\ ^ max{\H{x[)\, \H{x'^)\) := H{a). 
If x e [x']^,X4], we have w{x) ^ 'w{a). So, if x G [x']^,^^, then 

If X ^ [x']^, X4], then 'w{a) > n- ^ , we have 

r-l 

a2^Cw{a)H{a)^~^'{x)w{x)Y,Ci{n)n';^'^ E Pn^,k{^) ^ Cn^l\wf\\. 

It follows from combining the above inequalities ()4.ip and ()4.2p that the theorem is proved. 

4.2 Proof of (Ell) 

(1) When / G Ctu, we discuss it as follows: 

Case 1. If ^ ip{x) ^ -^, by ([22]), we have 

\w{x)^'''Hx)B(^:Hf,x)\ ^ Cn-^'^\w{x)B(^:\f,x)\ ^ Cn'-(''^^\\wf\\. (4.3) 



Case 2. If '^[x) > -^, we have 

r-\ 2r ^^ h h 

I L X f 1 1 

1=0 j=0 k=0 

Qj{x,ni) = (nix(l -x))[(2'-i)/2], and {ip^{x))-^'-Qj{x,ni)n{ ^ C{ni/ip^{x)Y+^/^. So 
\wix)^'^\x)B(^;\f,x)\ 

r-l 2r ^' h h 

r-l 2r hi. 

r-l 2r h h 

i=0 jr=0 ^ ^ ' 4s;fc/ni^4 

:= 0-1 + (72. (4.4) 

Where ^ := [0,x'2]U[x'3, 1]. We can easily get ai ^ n'"ip^'"^^-^'^{x)\\wf\\,a2 ^ n''ip'^''^^-^\x)\\wf\\. 
By bringing these facts (|4.3|) and (|4.4|) together, the theorem is proved. 

(2) When / G W?^ we have 

r—l ni—2r . 

i?g;)(F„,x) = VQ(n)nf V ^iF„(- K,-2r,fc(x). (4.5) 

i=o fc=o "» "* 

If < fc < nj — 2r, we have 

\t\Fr.{- )| ^ Cnf'-^' /^ |F(2^)(^ +n)|ci^, (4.6) 

If A; = 0, we have 

r— 

|^iF,(0)| < CnT-+^ / "" n''-^\F^^''-\u)\du, (4.7) 

Similarly 






By dMD and (gSj), we have 

r— 1 rii— 2r , 

|w)(x)</.2r-A(^)^(2r)(_^^^)| ^ Cw{x)^^'-\x)y^\CM)\nf V |liF„(- )K,_2.,fc(x) 

*=0 fc=0 "^ ""' 

r—l rii — 2r— 1 , 

= Cw{x)^'''-\x)y^\CM)\nf V |^'ri^n(-)K-2r,fc(^) 
r-l 

+Cw{x)^^''\x) V |Q(n)|nf |^iF„(0)|p„,_2.,o(^) 

ri,- 

i=0 
+Cu;(x)(^2r.A(^) y- 1^.(^)1 2r|^2.^^(!^l^Z)|p^^^^2^,(^) 



1=0 



/1+/2+/3. 



By (j4.6p . we have 

/o 



r—l 2l 



i=0 k/rii^A' 

r-l ,.2lL 



1=0 x'^^k/n,^x'./^ 



"3 
T1+T2. 



Where A := [O,^^ U [x'3, 1], F is a hnear function. If ^. G A, when ^g|f- ^ C(l + n • ^ |fc 
njx|"), we have \k — nj^| ^ ^^, by (j3.ip and (j3.7p . then 

r-l 



/fi TZ-; 77-7' 

r-l rii „2r 

^ C|| V^^Fi^^ii ^ ^(||^_^|| ^ ||^^2.A^(2r)||)_ 

Similarly, we can get Ta ^ C{\\wf\\ + ||u)c/?2rA^(2r)||)^ g^ j^ ^ C{\\wf\\ + ||tt;(^2rAj{2r)||) ^^^^ 
by (|4.7p . we have 

r-l 



/2 ^ Cu;(x)(^2^\x)V|a(n)|nf|AiF„(0)K,_2r,o(x) 

r-l „2r 



j=0 

r-l 



^ C;||tDv92rAj^^2r)|| ^(„.a:)'-(l+A) (^ _ ^)rA ^ C\\w^'^''^ F^^''^\ 
i=0 

Analogously, Is ^ C(||?Z;/|| + ||?Z;99^^'^/^^'''*||), then the theorem is proved. 
Corollary 1. If q > and A = 0, we have 

h7;MR(2r). . ^| < f C''^^1|W^/II, / e C-iD, 

mx)-t^n,r [J,X)\ ^ I ^^ii^^ii ^ ||^j(2r)||)^ j ^ p^2r_ 

Corollary 2. If a > and A = 1, we have 



7/;iXJ<^ ixjii„,, U,XJ| ^ I ^^ii^^ii ^ ||^^2rj{2r)||)^ j g ^Jr_ 



4.3 Proof of (12741) 

\w{x)Bn,rif,x)\ = \w{x)Bn,r{Fn,x)\ i^w{x)'^'^\Ci{n)Fn{ — )\Pn„k{' 

J=0 fc=l 
r— 1 r— 1 

+tD(x) J]; |Q(n)F„(0)K^,o(x) + W{x) Y^ \Ci{n)Fn{l)\pn,,nA' 



r-lrii-l , 



r— 1 r— 1 

j=0 i=0 

/i + /a + h. 



Analogously, the theorem can be proved easily. 

4.4. Proof of ( B3]) 

We assume / G W^^ then ||«)(5„,,(/) - F„)|| ^ ^i\\wf\\ + ||u;(^2r j{2r)||)^ 
Recall that [5], then 

S„,,((t-x)^x) = 0, j = l,2,--- ,r, (4.8) 

i?n,r((t-x)2^-^x) = 0(n-V^-2^■(^)), xG [-,!"-], j = 0, 1, 2, • • • , r. (4.9) 

n n 

Case 1. 3; E [^, 1 — ^]. By using Taylor expansion, we have 

w{x){Fn{x) - Bn,r{Fn,x)) 



2r-l 
W(X^ 



) E J^^^^Br,r{{t-xr-\x)Fk^^~^){x) 
+^i^)Bn,r{j^^^^, J\t - ur-'Fi'^\u)du,x) 

:= h+h. 
By ([32]), dSZl) and (gj]), we have for 1 ^ j ^ r, then 

^(x)c,^-^nx) ^(,,_,) ^ C ^^ ^ ||u;,,2^F^)||) ^ ^(11^/11 + ll^v^^V^^'-^ll), (4.10) 

By (gS]) and (liTOjl . we have 

h ^ wix) E 7^^l^n.^((* - xr-^,x)F('^-^\x)\ ^ ^{\\wf\\ + llw'V^'^^ll). 



^(2r-j)! 



n' 



If u is between t and x, we have ^ — ^j, ■, ^ ^ — Irr^;— . Then 

Mx)BnA (^2r-jy. ly ~ ^f'~^Pt\u)du, x)\ 

r—1 Tii „Jl 



< C^(x)5^5^|a(n)| / "' \(--uf'-'Fi^'\u)\dupn,^kix) 

i=0 k=0 ''^ "* 

r-lrii-l .._k_ , 

= Cwix)J2J2 l^^(^)l / "' l(- -^)''^-'i^i'^H^)I^^Pn.,fc(x) 
^=Q k=l -^^ "* 

+Ct(;(x)V|Ci(n)|(l-x)'^» f u^'-^\Fl^^''\u)\du 

r-l „i 

+Ct(;(x)^|Ci(n)|x"' / (1 - n)2'^-i|Ff '•)(n)|dn 



i = 

J1 + J2 + Js- 



We have 

r-l 



i=0 k/n,eA ^* -^^ 

r— 1 _fc_ 

+Cu;(x)<^-2'-(x)V V \Q{n){- - xf^~'\ ["' ^^\v)\H^^'Hv)\dvpn,,u{x) 

:= cri+(T2- 

Analogously, we can get ai ^ ^(||it'/|| + Wwv'^'' f^'^^'^W)- We note that \(p^'' {v)H''^''\v)\ ^ 
max(|c^2r(^/^)^(2r)(^/^)|^ |V92'-(x'4)if (^r) (^^)|) .- |(^2r(^)^(2r) (^)|^ ii-(20(a;) ig a linear func- 
tion. 

If X G [x']^,X4], then w{x) ^ w{a). So, we have 

r-lrti-l , 

j=0 fc=l * 

^ -^(11^/11 + II V/^'^^II), 



If X ^ [a^i5 2:4], by w{a) > n^ ^ , we have 



k 



(72 ^ C^(a)(^-2^(a)|i7(2r)(^)|^ ^ „^2|C'^(„)|(__^)2r^^^^^(^) 

j=0 x'^^k/ni^x'^ 

^ -^(11^/11 + II VV^^'^II). 

For J2, we have 

J2 ^ C||u;V92r^^2r)||^(^)y-|(^.(^)|(;^_^)n, r^2r-l^-l(^)^-2r(^)^^ 

rv 

Similarly, we have 

rv 
By bringing these facts together, we have 

\\w{Br.Af) - Fn)\\ ^ -,{\\wf\\ + II V/(''')||). 
rv 

Case 2. X ^ [0, -] (Similarly as a; G [1 , 1]). By using Taylor expansion, we have 

w{x)\B^^r{Fn.x)-Fn{x)\ ^ !^Y,\a{n)\Bn,{ l^ \{t - uf Fi^+'\u)\dn, x) 

^' i=0 '''■^ 

^•— n •'0 



j=0 
Jl + J2- 



r— 1 rii „ k 



i=o fc=o -^^ ""^ 

:= Cw{x) V V / "' |C.(n)(- - uf F^-+^\u)\dupn,^k{x) 



i=0 k=l 

r-l „i 

+Ct()(x)^|Q(n)|x"' / (l-n)nFi''+^)(n)|(i'U 



=0 

r-l 






i=0 



Analogously, we can get 



So, we have 



Then 



rv 
rv 



rv 
rv 



MB^Af) - Fn)\\ ^ ^{\\wf\\ + II V7('^)| 



||u;(5„,,(/)-/)|| ^ \\u,{f-FMm + \MFM)-BnAfm 

^ -^(||u)/|| + ||u)(^2r^(2r)||)^ 

If / G Cu,, there exists g G W^^, by (|2.4p and the first inequality of ()2.5p . we have 

\\w{BnAf)-f)\\ ^ \\w{f - g)\\ + WwBnAf - 9)\\ + \M9 - BnAaM 



n' 



^ C«(/,n-i/2)^ + n-n|^/||). 



4.5. Proof of dMD 

From the proof of (|2.5p , we actually have 

\\w{BnAf)-f)\\^CK2rAf^ni 

Therefore, K2r,^{f,n~^)w = 0{t'^) implies 

ll^(5n,r.(/)-/)|K(n-"/2). 



(4.11) 



<(/,n-V2)^ + M ^ ||^(5„,,(/)-/)|| + l(||u;(^2r^(2.)(^ 



n' 



By (j2.3p and (j2.4p . we may choose g properly such that ||tt)(/9^^5(^'')|| < oo and 

7(ll^< 

+ ||V^4?(5)II) + ^ 
rv 

^ \\w{f - 5„,,(/))|| + M + C7(-r(||zI;(/ - 5)11 

rv n 

+k-'\\wf\\). 
Hence, by [5], we obtain the converse inequahty. 
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